The path-table P(T ) of a tree T collects information regarding the paths in T: for each vertex v, the row of P(T ) relative to v lists the number of paths containing v of the various lengths. We call this row the path-row of v in T.
Introduction and basic definitions
This paper is concerned with paths in trees, and it is an ideal continuation of [6] . Our original motivation comes from Reconstruction Theory and the Converse of Kelly' s Lemma (see [5] ), but the study of paths of a graph G can be variously investigated (see, for instance [1, 7, 8, 9] ). In [10, 11] (and also [1] ) the attention is paid to the number of paths starting at each vertex of a tree. In [5, 6] we have stressed that the number of paths passing through any vertex is also a meaningful notion. The path-table of a tree has been introduced in the same spirit as other tables previously appeared in the literature (e.g. in [2] ).
In the present paper, we concentrate on the issue of characterizing the tree center by the paths-through, and Theorem 3.1 stands as a counterpart to Theorems 5.3 and 5.4 in [6] .
Let G 1 , G 2 be two (finite, simple, labelled) graphs. A path-congruence : G 1 → G 2 is a bijection V (G 1 ) → V (G 2 ) such that, for every l ∈ N, and every v ∈ V (G 1 ), the number of paths of G 1 of length l and containing v equals the number of paths of G 2 of length l and containing (v) . If there is a path-congruence : G 1 → G 2 , we say that G 1 and G 2 are path-congruent graphs.
The path-table of a graph G is the array P(G) whose rows are labelled by the vertices of G, whose columns are labelled by positive integers such that, for v ∈ G, and l ∈ N, the entry at position (v, l) is the number of paths of length l passing through v. We denote by p l (v) G such a number. Loosely speaking, P(G) collects information about the number of paths in G of the various lengths, and how they are distributed among the vertices of G. The row of the path-table P(G) relative to v will be denoted by p G (v) .
In the special case of a tree T, P(T ) has |V (T )| rows and diam T columns (zero columns are omitted). See for instance Fig. 1 . Throughout the paper we denote p l (v) T simply by p l (v) , if the omission of the tree T is not misleading.
Two trees T 1 , T 2 are path-congruent if and only if the path-tables P(T 1 ) and P(T 2 ) are the same up to reordering of the rows. We have shown in [4] that path-congruent trees need not be isomorphic.
Recall that in a finite graph G with natural metric d, the eccentricity of a vertex v is defined by e G (v)=max{d(v, x)| x ∈ V (G)}, and that the diameter diam G is defined as the maximum eccentricity of the vertices.
Let T be a tree. The center of T, denoted Z(T ), is the set of vertices of T having minimum eccentricity. It is well known that Z(T ) has one or two vertices depending on whether diamT is even or odd. The trunk of T, denoted Tr(T ), is the set of those vertices of T contained in all paths of length equal to diam T . Given any v ∈ V (Tr(T )), we define the branch from v, denoted by Br(v), to be the maximal connected subgraph H of T containing v such that H ∩ Tr(T ) ={v}. The ramification ram v of v ∈ V (Tr(T )) is defined to be the eccentricity of v within Br(v).
To avoid heavy notation, in the sequel of the paper, when x is a vertex of a graph G, we will often write x ∈ G instead of x ∈ V (G)
In [ For a tree T, the pruned tree is the tree obtained by removing all the leaves (vertices of degree one) of T.
A caterpillar is a tree C such that its pruned tree is a path. A set S ⊆ T is said to be path-stable (or simply stable) if (S) = S for every path-congruence : T → T . In [6, Theorems 5.5 and 5.4] we discussed conditions on a tree T under which Z(T ) is stable. In particular, we proved the following two theorems.
Theorem 1.2. Let T be a tree with diam T 7. Then Z(T ) is stable.

Theorem 1.3. Let T be a tree, Z(T ) = {c L , c R } its center (possibly c L = c R ), and D its diameter. Then Z(T ) is stable if at least one of the following holds:
Note also that, in a tree T with at least three vertices, the condition deg c L = 2 (resp. deg c R = 2) is equivalent (since central vertices do not have degree one) to the condition ram c L = 0 (resp. ram c R = 0). Thus, in view of Proposition 1.1, Theorem 1.3 states that path-stability of Z(T ) is ensured (among others) if the ramification of the central vertices takes the minimum or maximum possible value. In other words, if the ramification of the central vertex (both central vertices if |Z(T )| = 2) attains its minimum or maximum value, then the row in P(T ) of a central vertex is unique, i.e. cannot be equal to the row in P(T ) of a non-central vertex.
Locally path-congruent caterpillars
The notion of path-congruence is worth studying also from a local point of view. Given two graphs G 1 and G 2 , possibly of different orders,
In other words, v 1 , v 2 are path-congruent if their rows in P(G 1 ) and P(G 2 ) coincide.
Before proving Theorem 2.4, we remark that a formula for the number of paths of length l passing through a vertex of a caterpillar can easily be found (we restrict our attention to vertices of degree different from 1). Indeed, let C be a caterpillar of diameter d.
Proposition 2.1. Let p l (v i ) be the number of paths of length l passing through v i . For all i, 2 i d, the following equalities hold:
Proof. The first and second equalities are obvious. For the third equality, note that all paths of length l, passing through v i , have endpoints in vertices which are adjacent to v h and v k for some integer h i and k i respectively, such that k − h = l − 2 (see Fig. 2 ). Consequently, the number of these paths is
x h x k .
To this number we must add the number of paths with an endpoint in v i , that is x i−l+1 + x i+l−1 , which proves the third equality.
Let P + be the class of polynomials with positive integer coefficients and constant term 1. Note that P + is closed under multiplication.
Let [p(x)] 1 be the coefficient of x in p(x) ∈ P + . We shall use later the fact that Let C 1 , C 2 be (labelled) caterpillars. We say that C 1 and C 2 are equivalent, writing
• whenever u i , u j have degrees > 1, {u i , u j } is an edge of C 1 if and only if {u i , u j } is an edge of C 2 .
Note that the equivalence classes so defined refine the isomorphism classes of caterpillars.
We can set up a bijection between the ordered pairs (p(x), q(x)) of polynomials in P + such that [p(x)] 1 = [q(x)] 1 and the equivalence classes defined above, by mapping the ordered pair
to the equivalence class of the caterpillars in Fig. 3 . where deg v −j = a j + 1 for j = 0, . . . , k and deg v i = b i + 1 for i = 0, . . . , h. For example, the pair (1 + x + 2x 2 , 1 + x + x 2 + x 3 ) is mapped to the equivalence class represented on the left in Fig. 4 , whereas the pair (1 + x + x 2 + x 3 , 1 + x + 2x 2 ) is mapped to the equivalence class represented on the right. Note that the eccentricity e(v 0 ) = max{deg f (x), deg g(x)}. 
Proof. From the equalities for l 3 in Proposition 2.1 one can see that the number of paths p l (v 0 ) is, for l 3, the coefficient of 
The following result, which we shall use in the proof of Theorem 3.1, is interesting in its own right. It says that two vertices, taken in two caterpillars of the same diameter, may have the same path-row although they have very different eccentricities. It can also be employed in problems of Geometric Tomography, see [3] for more details. Proof. Let p, q, r, s be any 4-ple as in the statement of Lemma 2.3. Define polynomials p(x), q(x), r(x), s(x) as follows:
Moreover, we can easily see that
Consequently, the ordered pairs (f 1 (x), g 1 (x)) and (f 2 (x), g 2 (x)) define two (equivalence classes of) caterpillars for which, by Proposition 2.2, the statement of the theorem is verified. 
Joining caterpillars to obtain trees with unstable center
Now we employ two locally path-congruent caterpillars (as described in Theorem 2.4) to get a tree T and a pathcongruence : T → T which does not leave the center Z(T ) invariant. There exists a tree T with diam T = D, a vertex c ∈ Z(T ) with ram c = m, and a path-congruence :
By Theorem 2.4, there are two caterpillars C 1 , C 2 of diameter d, such that C 1 contains a vertex x of degree > 1 and eccentricity e 1 , C 2 contains a vertex y of degree > 1 and eccentricity e 2 , and p C 1 (x) = p C 2 (y) (Fig. 5 only shows, of C 1 and C 2 , a path of maximum length). Thus is in fact a path-congruence.
Remark 3.2.
The case D odd and m < D/2 − 2 could also be treated by a joining construction.
